
JOURNAL OF AIRCRAFT

Vol. 39, No. 1, January–February 2002
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The mathematical formulation of the coupling method that allows the prediction of the dynamic behavior of
a coupled structure by means of frequency-response functions (FRFs) of the components it consists of is well
established. However, this method fails to perform in many cases. The main de� ciencies are the omission of the
rotational degrees of freedom, due to the dif� culty in measuring FRFs for these degree of freedom, and the direct
inversion of the summation matrix of the component FRFs at the coupling points, the core of the coupling method.
During the investigation of these de� ciencies, it was found that the lack of informationabout the rotational degrees
of freedom lead to a negative frequency shift of the predictions. It was also proven, by means of singular value
decomposition (SVD) theory, that the dif� culties encountered during the direct inversion of the matrix are due
to ill-conditioning effects. Additionally, a pseudoinversion was applied utilizing the SVD theory, which led to an
improvement in the accuracy of the coupling procedure for the majority of the cases. Finally, for the instances
where inaccuracies persisted, a new algorithm was developed and shown to improve the pseudoinversion results
greatly.

Nomenclature
[G] = (n £ m) complex matrix
[H ] = frequency-responsefunction (FRF) matrix
bHc = row of FRF’s matrix
fH g = column of FRF’s matrix
i; j = degrees of freedom (DOF) out of the interface
r; m = indices
S = DOF on the interface
[U ] = (n £ n) unitary matrix, that is, [U ][U ]H D [U ]H [U ] D

[I ]; columns called left singulars vectors
[V ] = (m £ m ) unitary matrix; columns called right

singulars vectors
[6] = (n £ m) real, pseudodiagonalmatrix; elements called

singular values and assumed, without loss of
generality, to be arranged in decreasing order

¾ = singular value

I. Introduction

I F the prediction of the dynamic behavior of a coupled structure
is required, either the analytical and/or the numerical approach

can be used.1;2 However, practice has shown that these methods ex-
hibit signi� cant de� ciencies. Indeed, it is rather dif� cult to model a
structure that comprises many parts as one entity. Furthermore, in
the majority of the cases, the irregularities that are present in any
real structure cannot be included in an analytical/numerical model.
The same goes for the damping because its accurate description
is rarely possible. An alternative approach, which overcomes these
two particulardrawbacks, is the experimentalone, which makes use
of the measurementsof the coupledstructure.In this case, there is no
concernabout the characteristicfeatures, that is, local irregularities,
or damping of the structure because these are inherently present in
the measurements. However, experience has shown that it is dif� -
cult to perform measurements on the total structure itself because
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its size and/or complexity may give rise to many problems in the
application of the excitation, as well as in the acquisition of the
responses. Furthermore, when a modi� cation of the total structure
is required, the whole set of the measurements must be performed
on the modi� ed coupled structure.

An alternate approach is provided through the coupling tech-
nique, which is described in detail in the next section. This method
overcomes the majority of the described problems because it makes
direct use of the measured frequency-responsefunctions (FRFs) of
the individual substructures of the coupled structure. However, de-
spite the promising features of this method and its mathematical
formulation being well established, it is common for the coupling
predictions to fail to give acceptable results. There are two main
reasons for this failure.

The � rst reason stems from the fact that very often the formula-
tion of the full FRF matrices of the substructures is practically im-
possible, due to the dif� culty of obtaining excitation and response
measurements of the rotational degrees of freedom (RDOF). Con-
sequently, these DOF are neglected during the analysis. However,
as it has been reported by many researchers in the past, the lack
of the RDOF is a major obstacle to the correct prediction of the
response.3¡5

The second reason is attributed to the direct inversion of the sum-
mation matrix of the substructures FRFs at the coupling points, as
is dictated by the mathematical formulation.6 Indeed, because the
matrix to be inverted is based on measurements, it suffers from ill-
conditioningeffects. Thus, as has already been reported,7¡9 signi� -
cant problems are encounteredduring the calculation of the inverse
matrix. This paper deals with these two major source of erroneous
results. Speci� cally, it reveals what effect the lack of information
about RDOF has on the predictions.Furthermore, it presents a tech-
nique of inversion along with a new improvement algorithm,which
decreasessigni� cantly the negative in� uence of the ill-conditioning
effects. The paper is organized as follows. First, the mathematical
formulation of the coupling method that employes measured FRFs
is given. Second, the experimental procedure is described. Third,
the effect of the RDOF is revealed by means of � nite element sim-
ulations. A physical interpretation of the conclusions reached is
given by means of the modes of the structure under examination.
Fourth, the singularvaluedecomposition(SVD) theory is employed
to present 1) a procedure by which the condition of the matrix to
be inverted can be assessed before the direct inversion takes place
and 2) an inversion technique (pseudoinversion) that improves the
results of the coupling procedure by reducing the negative effects
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of the direct inversion. Finally, a new algorithm is presented that
improves further the pseudoiversionresults.

II. Basic Theory
Consider two substructures A and B that are coupled together

at s interconnection points to form a new structure C . Then if the
equation of motion for the two substructures and the equilibrium
conditions for the forces, as well as the compatibilityconditions for
the displacementsat the points that belong to the coupling interface,
are taken into account, the dynamic behavior of structure C can be
obtained by means of the following equations.6

If both DOF i and j are on substructure A,

HC i j D HAi j ¡ bHAci S

¡
[HA]SS C [HB ]SS

¢¡1fHAgS j (1)

If both DOF i and j are on substructure B,

HCi j D HBi j ¡ bHB ci S

¡
[HA]SS C [HB ]SS

¢¡1fHBgS j (2)

If DOF i is on substructure A and DOF j is on the substructure B,

HCi j D bHAci S

¡
[HA]SS C [HB]SS

¢¡1fHB gS j (3)

Finally, if DOF i is on the substructure B and DOF j is on the
substructure A,

HCi j D bHB ci S

¡
[HA]SS C [HB ]SS

¢¡1fHAgS j (4)

Each of the these formulations is valid at the coupling points. In
the presentstudy, investigationsconcerningonly thecouplingpoints
are carried out, and Eq. (3) is employed for the predictions of the
dynamic behavior of the coupled structure.

III. Experimental Procedure
A. Test Structure

The test structureforwhich the measurementsand the simulations
were performed is shown in Fig. 1. The connectionbetween the two
substructureswas feasible through three foreseen connecting � aps.
A very strongstructuralglue was used, to achievea couplingas rigid
as possible.To achievefree–free boundaryconditions,the structures
were suspended by soft shockcords.

B. Measurements

The FRFs at the points that belong to the coupling interface were
measured for both the substructures and the coupled structure. The
latter set of measurements is used as a basis of comparison with the
results that are derived from the predictionformulas. The excitation
of the structures was created by a roving hammer. As far as the
direction of the measurements is concerned,only the vibration pat-
tern orthogonal to the vibrating plane was measured for each point
because the vibrations in the other directions were negligible. A
complete description of the experimental procedure is available.10

Fig. 1 Test structure.

Fig. 2 Comparison between actual ad predicted FRF.

IV. Investigation of the Effect of the RDOF
In Fig. 2, a comparison between a directly measured FRF of the

coupled structure and the prediction of the same FRF [which was
calculatedby means ofEq. (3)] is presented.Generallyspeaking,the
synthesizedFRF predicts the measured results quite well. However,
two signi� cant problems can be identi� ed: 1) A negative frequency
shift of the peaks is exhibited by the predicted FRF. 2) In some
frequencybands, the predictedFRF is not smooth (especially in the
lower frequencies) and presentssome false peaks.This section deals
with the former issue.

To investigatewhether the lack of the RDOF was responsible for
this negative frequency shift, � nite element (FE) simulations were
carriedout.Subsequently,the couplingtechniquewas applied,using
the data obtained from the � nite element analysis. Note that, as far
as the translationalDOF (TDOF) are concerned, only the ones that
were measured during the experimental procedure were taken into
account in the FE analysis.

In Fig. 3, two plots are given using numerically (FE analysis)
calculatedFRFs for the two substructuresand for the coupled struc-
ture. From Fig. 3a, where only the TDOF are taken into account,
a behavior similar to the one that was observed when experimental
data were used can be seen. However, when the RDOF are included
in the calculations, there is a better match between the predicted
FRFs (using the numerically calculated FRFs of the two substruc-
tures) and the numerically calculatedones for the coupled structure
(Fig. 3b). However, two new inaccuracies are observed.

First, some new peaks appear at the lower frequencies. Close
investigation reveals that the appearance of the majority of the new
peaks can be attributed to the additional rotational information that
is introduced in the predictions.

Second, some peaks are not as well predictedwhen RDOF are in-
cluded in the predictions.An interpretationis sought throughthe ex-
tractionof the modes of the coupled structureand the substructures.
Particularly, two representativecases are chosen to be investigated.
In the � rst case, better prediction of a peak is achieved, whereas in
the second case, the prediction of a peak is worse when the RDOF
are included. As an example of the � rst case, the peak that exists at
the 171.91 Hz is examined.

When the modes of the two substructures are examined, a mode
of substructure A at 166.73 Hz and one at 176.58 Hz for the sub-
structure B can be found. This is expected because if two modes,
each from different substructure, are coupled, then the mode of the
coupled structuremust be located in a natural frequencysomewhere
between the natural frequenciesof the two substructures.When the
modes of the two substructuresand of the coupled structure are ob-
served, it becomes apparent from the motion of the coupling points
that these are in phase.11 In Ref. 11 it can be seen that the modes
are neither pure translationalnor pure rotational.Speci� cally, a ten-
dency of the two substructures to rotate around Y and Z axes can
be identi� ed. This tendency supports that there is an improvement
to the predictions when RDOF are used.

As an example of the second case, a peak that is placed at
235.73 Hz is investigated. Obviously, the prediction of this peak
is worse when RDOF are included (Fig. 3). A detailed study proves
that the RDOF that causes the movementof the predictedpeak from
235 to 250 Hz is the rotation around the Y axis.11 Based on this,
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a)

b)

Fig. 3 Comparison between actual and predicted FRF (FE simulations are used).

Fig. 4 Mode of the coupled structure at 235.73 Hz.

the following explanation can be given: When it is taken into con-
sideration that, when the two substructuresare coupled, the rotation
around the Y axis is eliminated for the points that belong at the cou-
pling interface, as well as that the mode of the coupled structure at
235.73 Hz is a pure translationalone (Fig. 4), then it can be claimed
that by inserting the rotation around Y the results are distorted.

V. Pseudoinversion by SVD
To determine if the inversion of the matrix that is required by the

coupling technique[Eqs. (1– 4)], called [SS] from now on becauseit
refers to the coupling points, causes the problem of the extra peaks,
aswell as of the rough results,the SVD theory is adopted.According
to this theory, a (n £ m ) complex matrix [G] can be decomposedas
follows:

[G] D [U ][6][V ]H (5)

One of the most useful applications of the SVD is the condition
number, which is de� ned as the ratio of the largest singular value
to the minimum one. If this number is large, then the matrix is ill
conditioned and problems will be encountered during its direct in-
version. From Fig. 5, where � ve out of nine singular values of [SS]
are plotted, it can be deduced that the condition number (¾1=¾9 ) is
large for the majority of the frequencies. Therefore, the additional
false peaks, as well as the appearance of rough results at the lower
frequencies, can be attributed to the direct inversion of [SS]. Thus,
it is of major importance to de� ne an alternative form of inversion
that will overcome these problems. Such an inversion is the pseu-
doinversion,by means of SVD, which is proposed in this study as

[A]C D [V ]r [6]¡1
r [U ]H

r (6)

The index r indicates that at each frequency line only the r (r < m)
larger nonzero singular values are used. The others are set equal to
zero. For the speci� c case under examination,all of the singularval-
ues that were larger than 1% of the largest singular value, tolerance
1% (TOL 1%), were taken into account in each frequency line. The
results obtainedby the applicationof Eq. (3) using pseudoinversion
instead of direct inversion,are plotted in middle part of Fig. 6. Gen-
erallyspeaking,it can be claimed that the ill-conditionaleffectshave
been smoothed out, leading to better predictions than that achieved
when the direct inversion is applied (top Fig. 6). However, new
dif� culties seem to arise when the pseudoinversion is employed.
Particularly, there is a chopping of some peaks, and in some cases,
new, well-separated peaks are noticed. To justify this behavior the
following arguments are offered.

Consider the SVD of matrix [SS]:

[SS] D
¡
[HA]SS C [HB ]SS

¢
D [U ][6][V ]H (7)

The i th singular value of the summed matrix can be considered
as the summation of the contributionsof the two components,

¾1 D ¾Ai C ¾Bi (8)

From the combinationof Eqs. (7) and (8), the following equation
can be obtained:

¾i D fUi gH [HA]SSfVi g C fUi gH [HB ]SSfVi g (9)

From Eq. (9) it is obviousthat small singularvaluesof matrix [SS]
at a frequencyline canbe due to small contributionsor from largebut
opposite contributions from the components. In the latter case, the
elimination of the singular values during the pseudoinverion leads
to loss of valuable structural information.

To test this argument, two representative cases were chosen and
examined in detail: the frequency range 279–282 Hz (chopping of
the peak) and the frequency range 404– 407 Hz (appearanceof two,
well separated peaks instead of one) (middle Fig. 6).

A. Frequency Range 404– 407 Hertz

As presented previously,12 the number of the singularvalues that
should be taken into accountduring the pseudoinversioncan be esti-
mated by the rank of the matrix. Calculating the rank of [SS] (using
TOL 1% as for the case of the pseudoinversion), it is determined
that in this range only the last singular value is neglected. When
the real parts of the contributions of the two substructures to the
last singular value are examined, it can be seen that these are large
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Fig. 5 Singular values of [SS]: ¾1 >¾3 >¾5 >¾7 >¾9.

Fig. 6 Direct inversion vs pseudoinversion.

Table 1 Contributions to singular value 9

Frequency, Hz Substructure A Substructure B

403 ¡1:231eC4 1:528eC4
404 ¡1:140eC4 1:271eC4
405 1:168eC4 ¡1:115eC4
406 7:415eC3 ¡6:469eC3

and opposite (Table 1). Therefore, valuable structural information
is omitted during the pseudoinversion.

B. Frequency Range 279–282 Hertz

In this frequencyrange, the four last singularvaluesare neglected.
In Tables 2–5, the values of the contributions of each substructure
to each singular value are given. It can be observed that in this
range almost all of the singular values have opposite contributions.
The biggest participation to the chopping comes from the two last
singular values.

Table 2 Contributions to singular value 6

Frequency, Hz Substructure A Substructure B

278 ¡9.833eC3 1.540eC4
279 1.3eC3 6.027eC3
280 4.878eC3 3.649eC3
281 6.348eC3 2.046eC3

C. Improvement Algorithm

From the analysis presented in the preceding section, it is clear
that there is need for a methodologythat will indicate if the singular
values eliminated during the application of pseudoinversion must
be taken into account. The steps of such an improvement algorithm
are described as follows:

1) The rank of the matrix to be inverted is calculated using the
same tolerance as the one that is used during the pseudoinversion.
Then for each of the eliminated singular values the following steps
are performed.
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Table 3 Contributions to singular value 7

Frequency, Hz Substructure A Substructure B

278 253:1 3:9eC3
279 ¡684:6 6:539eC3
280 491 4:119eC3
281 2:038eC3 2:417eC3

Table 4 Contributions to singular value 8

Frequency, Hz Substructure A Substructure B

278 559.9 2:238eC3
279 ¡5:359eC3 6:898eC3
280 ¡2:336eC3 4:713eC3
281 4:579eC3 ¡2:923eC3

Table 5 Contributions to singular value 9

Frequency, Hz Substructure A Substructure B

278 ¡2:180eC3 4:034eC3
279 ¡1:833eC3 2:369eC3
280 ¡1:648eC3 2:2eC3
281 9:113eC3 ¡8:425eC3

2) The frequency lines where there are opposite contributions
from the two substructures to the singular values are identi� ed.

3) The absolute value of the negative contribution is taken, and
successively the summation of the two contributions is calculated.

4) The result of this summation is compared with the larger sin-
gular value. If the outcome of the comparison is larger than 1% of
the higher singularvalue (or generallyspeaking, larger than the tol-
erance that is used during the application of the pseudoinversion),
then the singular value under examination is taken into account.

The resultsof this improvementalgorithmare shownin thebottom
part of Fig. 6. Obviously, the results preserve the most bene� cial
features of the pseudoinversion with TOL 1% (middle Fig. 6) and
eliminate the majority of the inaccuracies (bottom Fig. 6). As far as
the two representative cases are concerned, it can be seen that the
choppingof the peak has been reduced (279–282 Hz) and that there
is only one peak at the frequency range of 404–407 Hz.

VI. Conclusions
In this study, the problemsencounteredduring theapplicationof a

coupling techniquewere investigated.The investigation shows that
the lack of inclusion of the RDOF during the calculations results
in the appearance of a negative frequency shift of the predictions.
Furthermore, it was proven that another source of error is the direct
inversionof a matrix that contains the FRFs of the substructuresfor
the coupling points. Subsequently, the bene� cial effect of the pseu-
doinversion by means of SVD on the predictionwas demonstrated.
Finally, some problems that were encountereddue to the pseudoin-
version were successfully dealt via a new improvement algorithm.
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